The accuracy of several theories for the thermodynamic properties of the Yukawa hard-sphere chain fluid are studied. In particular, we consider the polymer mean spherical approximation ͑PMSA͒, the dimer version of thermodynamic perturbation theory ͑TPTD͒, and the statistical associating fluid theory for potentials of variable attractive range ͑SAFT-VR͒. Since the original version of SAFT-VR for Yukawa fluids is restricted to the case of one-Yukawa tail, we have extended SAFT-VR to treat chain fluids with two-Yukawa tails. The predictions of these theories are compared with Monte Carlo ͑MC͒ simulation data for the pressure and phase behavior of the chain fluid of different length with one-and two-Yukawa tails. We find that overall the PMSA and TPTD give more accurate predictions than SAFT-VR, and that the PMSA is slightly more accurate than TPTD.
I. INTRODUCTION
This is the fourth in a series of papers [1] [2] [3] on the structure and thermodynamic properties of Yukawa hard-sphere chain fluids. In the previous three papers the pressure-volumetemperature ͑PVT͒ and phase behavior, and site-site pair distribution functions were studied using the polymer mean spherical approximation 4 -7 ͑PMSA͒ and molecular simulation. The PMSA corresponds to the MSA version of the product-reactant Ornstein-Zernike approach [7] [8] [9] [10] [11] ͑PROZA͒, which in turn originates from the multidensity integralequation theory for associating fluids developed by Wertheim. 12, 13 The PROZA is a theory that yields monomermonomer pair correlation functions, from which the thermodynamics of a model fluid of polymer molecules can be obtained. In the first two papers in this series 1,2 the analytical solution of the PMSA for one-component multi-Yukawa hard-sphere chain molecules ͓molecules with additional sitesite interaction represented by the multiple sum of the Yukawa tails outside the hard core, see Eq. ͑1͔͒ was given and closed form analytical expressions for the thermodynamical properties of the model were derived. In the third paper 3 we extended our solution of the PMSA to the general case of a multicomponent multi-Yukawa hard-sphere chain fluid. To validate the accuracy of the theory, Monte Carlo ͑MC͒ computer simulations were carried out and the results compared systematically with the theoretical results for the structure and PVT properties of the one-Yukawa version of the model. In general it was found that the theory performs very well, thus providing an analytical route to the equilibrium properties of a well-defined model for chain fluids.
In the present study we focus on the investigation of the PVT behavior and liquid-vapor phase equilibria of one-and two-Yukawa chain fluids. We compare the results of MC computer simulations with several different theoretical approaches, namely, the PMSA, the dimer version of thermodynamic perturbation theory ͑TPTD͒, and the statistical associating fluid theory 14, 15 for potentials of variable attractive range ͑SAFT-VR͒. 16, 17 Within the SAFT-VR approach proposed by Gil-Villegas et al., 16, 17 the thermodynamic properties of the one-Yukawa chain fluid can be described. Here we extend the SAFT-VR method to treat multi-Yukawa chain fluids and propose corresponding extensions of the TPTD approach. 18, 19 Predictions from these theoretical methods are then systematically compared against computer simulation data and the predictions of the PMSA. The paper is organized as follows: In Sec. II we present the model and theories studied, followed by details of the simulations performed in Sec. III. The results of comparisons between the theoretical predictions and simulation data are presented in Sec. IV and concluding remarks made in Sec. V.
II. THE MODEL AND THEORY
We consider a one-component fluid of freely-jointed tangent hard-sphere Yukawa chain ͑HSYC͒ molecules with a number density ϭN/V. Each molecule is represented by m tangentially bonded hard-sphere Yukawa monomers ͑sites͒ of equal hard-core diameter . Nonbonded monomers, regardless of whether they belong to the same molecule or to the a͒ Present address: Department of Chemical Engineering, Vanderbilt University, Nashville, TN 37235-1604. Electronic mail: c.mccabe@vanderbilt.edu different molecules, interact directly via the hard-sphere interaction ⌽ (hs) (r) and Yukawa potential ⌽ (Y ) (r),
where
with ␤ϭ1/kT and r the center-to-center separation between two monomer beads.
A. PMSA
In this study we use the PROZA with the PMSA closure. The present version of PROZA consists of an OrnsteinZernike-like integral equation, which in Fourier space has the form
and the PMSA boundary conditions, which are given by
␦͑rϪ͒, rϽ.
͑4͒
Here the indices i and j denote the species ͑position͒ of the monomers in the chain, ĥ i j (k) and ĉ i j (k) are matrices with elements that are Fourier transforms of the elements of the real-space matrices h i j (r) and c i j (r), defined by
In this equation, the quantities h i ␣ j ␤ (r) and c i ␣ j ␤ (r) appearing in h i j and c i j (r), respectively, represent partial total and direct correlation functions. The lower indices ␣ and ␤ each take the values 0, A, and B, and denote the bonding states of the corresponding particles, i.e., the case of ␣ϭ0 corre- sponds to an unbonded particle, while ␣ϭA or ␣ϭB to A-bonded or B-bonded particle, respectively. The quantities t i j , ␣, and E are the following matrices:
͑6͒
E ␣␤ ϭ␦ ␣0 ␦ ␤0 .
͑7͒
Here the matrix t i j specifies the sequence of monomer species for the monomers which form a chain molecule. The site-site pair distribution function h i j (r) is related to the partial distribution functions
The set of the Ornstein-Zernike equations ͑3͒ together with the PMSA closure conditions ͑4͒ represent a closed set of equations solved in our previous publications.
1-3 This solution was then used to derive closed form analytical expressions for the thermodynamic properties of the model at hand. To avoid unnecessary repetition, we do not present the solution and thermodynamic expressions here, for details the reader is referred to the original publications.
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B. SAFT-VR
Following Wertheim's TPT for associating fluids 12, 13, 20 in the SAFT-VR ͑Ref. 16͒ approach for chain fluids it is assumed that the Helmholtz free energy A can be written as a linear sum of the ideal, monomer, and chain contributions, 
where N is the number of molecules in the system, and
where ⌳ is the thermal de Broglie wavelength. The free energy due to monomer segments is given by
where a (M ono.) is the excess Helmholtz free energy per monomer of a system of ͑nonbonded͒ Yukawa monomers and is treated via a second-order high-temperature perturbation expansion, providing a more rigorous description of the thermodynamics than found in simpler versions of the SAFT approach. 16 The monomer segments are then bonded to form chains giving
where y (M ono.) () is the contact value of the monomermonomer background ͑or cavity͒ distribution function for a system of nonbonded Yukawa monomers. In general,
We note that in this work we do not consider the association term which is used in the modeling of real fluids to mimic molecular interactions such as hydrogen bonding. Thus SAFT-VR uses as input information on the structure and thermodynamic properties of the reference fluid. The reference fluid in the SAFT-VR approach is described by a potential model of variable attrac- tive range. In particular, the the square well potential has been used extensively to describe both model 17, 21 as well as real chain fluids. [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] In the original application of SAFT-VR to Yukawa fluids 16 the monomer Helmholtz free energy and pair distribution function were determined from second-and first-order Barker-Henderson perturbation theory, respectively. 33, 34 The reference system was a hard-sphere fluid, whose structural properties were computed using a highly accurate version of the hard-sphere fluid structure, i.e., the Malijevksy-Labik integral-equation theory. 35 we present the expressions used in this work for the onecomponent case.
C. TPTD
In the context of TPTD, the expression for the Helmholtz free energy ͑9͒ can be recast in the following form: 18, 19, 40 
where A (dim) is the excess Helmholtz free energy for a fluid of Yukawa dimers with hard-sphere diameter and molecular density dim ϭm/2, and g dim () is the site-site pair distribution function of Yukawa dimers at contact.
In this study, thermodynamic and structural properties of the Yukawa dimer fluid are calculated using the PMSA approach discussed above. To improve the accuracy of the PMSA predictions for g dim () we propose an extension of the approximation suggested by Høye and Stell 38 in the framework of the regular MSA approach. Following Høye and Stell, 38 we have
where g i j (r) is the matrix with the elements g i ␣ j ␤ (r) and g i j (0) (r) represents the partial pair distribution functions of the chain molecular fluid with Yukawa potential turned off, i.e., K n ϭ0. As for the case of the regular MSA, this choice for the pair distribution functions leads to an expression for the virial pressure that coincides with the pressure obtained via the energy route. 7, 38, 41 
III. COMPUTER SIMULATION
We have calculated the PVT behavior for the dimer, tetramer, 8-mer, and 16-mer one-and two-Yukawa chain fluids using isothermal-isobaric (NpT) Monte Carlo simulation. The NpT simulations were performed at state conditions that ensured a wide range of temperatures and pressures were examined. Additionally we have determined the fluid phase diagram using Gibbs ensemble MC simulation ͑GEMC͒ for the one-Yukawa dimer and two-Yukawa dimer, tetramer, and 8-mer fluids. For the NpT simulations the initial configurations were generated at low pressure by arranging the molecules on a face-centered-cubic lattice; simulations at higher pressure, and hence density, were then started from this equilibrated initial configuration and allowed to reequilibrate to the corresponding density. The simulations were performed with Nϭ256 molecules for all fluids except the 16-mer for which Nϭ128 was used. For the GEMC simulations the initial configurations were taken from equilibrated NpT runs at either densities approximately mid way between those for the liquid and vapor phase at each state condition or close to the corresponding theoretical solutions. Simulations of the dimer fluids were performed with Nϭ256 molecules, while simulations of the 4-mer and 8-mer fluids were performed with Nϭ512 molecules. The usual periodic boundary conditions and minimum image convention are applied, with the potential being truncated beyond 3 in all cases.
In both the NpT and GEMC simulations one simulation cycle consists of N attempted MC moves, one attempted volume change, and a specific number of attempted regrowths (NpT) or insertions ͑GEMC͒ of randomly selected molecules using continuum configurational bias sampling. 42 The N MC moves were randomly chosen from displacement, reorientation, and reptation steps in each cycle. In all the simulations the maximum displacement and volume changes were adjusted to give an acceptance ratio of between 30% and 40%, and the number of regrowths were controlled so that between 1% and 3% of the molecules are regrown or inserted in each cycle. The thermodynamic properties of the system were obtained as ensemble averages and the errors estimated by determining the standard deviation. An initial simulation of 50 000-200 000 cycles was performed to equilibrate the system, depending upon pressure and chain length, before averaging for between 200 000 and 500 000 cycles.
IV. RESULTS AND DISCUSSION
In this section we compare the theoretical predictions against computer simulation data for the liquid-gas phase equilibria and PVT behavior of one-and two-Yukawa hardsphere chain fluids. The theoretical methods are represented by the PMSA, SAFT-VR, and TPTD. We do not show results from first-order TPT ͑Ref. 43͒ since its predictions are slightly less accurate than those of SAFT-VR.
Parameters defining the one-Yukawa ͑1Ya,1Yb͒ and two-Yukawa ͑2Y͒ models studied are collected in Table I . Any thermodynamic state of the HSYC model considered here is defined by a set of two parameters, i.e., temperature T and number density . However it is more convenient to use two dimensionless quantities T*ϭ1/␤*ϭkT/⑀ and packing fraction ϭm 3 /6, where ⑀ is the depth of the Yukawa potential well and the hard-sphere diameter.
To validate the accuracy of the approximation for g i j given by Eq. ͑14͒, in Figs. 1 and 5 we show the comparison of the contact values of the dimer site-site pair distribution function g dim () predicted from MC computer simulations, PMSA, and the approximation given by Eq. ͑14͒ at different temperature and packing fraction. The corresponding simulation data for the 1Ya model is due to Wang and Chiew 43 and for the 2Y model is detailed in Table II . From Fig. 1 we note that the PMSA tends to underpredict the contact values at intermediate and high and overpredicts at low . In the two-Yukawa case ͑Fig. 5͒ the tendency is similar, although the agreement between the PMSA and MC simulation data is better. Predictions using the approximation for g i j ͓Eq. ͑14͔͒ substantially improves the PMSA results and agree very well with computer simulation data. Figures 2 and 6 show the compressibility factor for the dimer version of the 1Ya, 1Yb ͑Ref. 43͒ ͑Fig. 2͒ and 2Y ͑Fig. 6͒ models obtained from the PMSA, SAFT-VR, and MC simulation methods. The simulation data for the 2Y model is given in Table II . For the one-Yukawa dimers the PMSA generally agrees very well with the simulation data ͑Fig. 2͒; a slight underprediction is observed for higher values of . The SAFT-VR results are seen to be less accurate, especially at the lower temperatures. A similar tendency holds for the one-Yukawa 4-mer and 8-mer chain fluids ͑Figs. 3 and 4͒, i.e., the predictions of the PMSA are very good, except for the lowest temperature and highest packing fractions ͑Fig. 3͒ while the SAFT-VR predictions are less accurate. Similar accuracy is observed for the PMSA results for the two-Yukawa chain fluids ͑Figs. 6 -9 and Tables III-V͒. The corresponding SAFT-VR results are accurate for the two-Yukawa dimers ͑Fig. 6͒; however, deviations are observed for the 4-mers, 8-mers, and 16-mers ͑Figs. 7-9͒. For the longer chain fluids results from the TPTD approach are also included ͑Figs. 3, 4, and 7-9͒. In all the cases studied the accuracy of TPTD predictions are seen to be similar to that of the PMSA predictions.
Finally Figs. 10 and 11 show vapor-liquid phase diagrams for chains of different length for the 2Y and 1Ya models calculated from the PMSA, SAFT-VR, and TPTD theories. The corresponding computer simulation results are presented for the two-Yukawa chain fluid in Fig. 10 and reported in Table VI ; preliminary simulation results on the phase envelope of the one-Yukawa dimer fluid are shown in Fig. 11 and reported in Tables VII and VIII. Simulations of the one-Yukawa chain fluid beyond the dimer level are currently underway; due to the enhanced probability of tangential clustering of spheres in the one-Yukawa chain fluid, leading to a higher proportion of rejected configurations in moves involving volume contractions, these simulations are more demanding computationally and require extensive independent checks. As can be seen from the available simu- lation results, the theory is in very good agreement with the available simulation results for both cases. For both the one-Yukawa and two-Yukawa models we were not able to get a convergent solution of the PMSA Maxwell construction for 4-mers in the vicinity of the critical point. This feature is similar to that encountered by the hypernetted chain approximation 44 -46 and reflects the nonlinear character of the present PMSA approach. As the chain length increases all the theories predict an increase of the critical temperature and decrease of the critical packing fraction. The most substantial decrease of the critical packing fraction with chain length increase is demonstrated by the PMSA phase envelope. The critical temperature as predicted by the SAFT-VR approach is always higher than that of the PMSA and TPTD. Close agreement between PMSA and TPTD predictions for the pressure yields similarly close agreement for the phase envelope predictions of these two theories. The most substantial difference can be seen in the vicinity of the critical point for longer chains (mϭ8), where PMSA gives a lower value for the critical density. For the two-Yukawa dimer phase diagram the PMSA theory and TPTD approach are in good agreement with the simulation data. As the chain length is increased deviations are observed as the theoretical results overpredict the critical point. Similar agreement between theoretical and computer simulation results can be expected for the one-Yukawa phase diagram.
V. CONCLUDING REMARKS
In this work the accuracy of several theories for the thermodynamic properties of hard-sphere Yukawa chain fluids is studied. In particular we consider the PMSA theory, 1-3 the dimer version of TPT ͑Refs. 18 and 19͒ ͑TPTD͒ and the SAFT-VR approach, 16, 17 both extended to treat multiYukawa chain fluids. The predictions from these theories have been compared with MC simulation data for the PVT and phase behavior of one-and two-Yukawa chain fluids of different length. We find that the PMSA and TPTD give the most accurate predictions, with PMSA being slightly more accurate.
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